arXiv:1501.06362vl [math.AG] 26 Jan 2015 


AUTOMORPHISM GROUPS OF AFFINE VARIETIES AND A 
CHARACTERIZATION OF AFFINE n-SPACE 

HANSPETER KRAFT 


Abstract. We show that the automorphism group of affine n-space A" de¬ 
termines A" up to isomorphism: If A is a connected affine variety such that 
Aut(A) ~ Aut(A") as ind-groups, then X ~ A" as varieties. 

We also show that every finite group and every torus appears as Aut(A) 
for a suitable affine variety X, but that Aut(A) cannot be isomorphic to a 
semisimple group. In fact, if Aut(A) is finite dimensional and if A A^, then 
the connected component Aut(A)° is a torus. 

Concerning the structure of Aut(A"') we prove that any homomorphism 
Aut(A"') —t 5 of ind-groups either factors through jac: Aut(A"') —t k*, or it is 
a closed immersion. For SAut(A") := ker(jac) C Aut(A") we show that every 
nontrivial homomorphism SAut(A") —> CJ is a closed immersion. 

Finally, we prove that every non-trivial homomorphism (p: SAut(A") —>■ 
SAut(A") is an automorphism, and that p is given by conjugation with an 
element from Aut(A"). 


1. Introduction and main results 

Our base field k is algebraically closed of characteristic zero. For an affine variety 
X the automorphism group Aut(A) has the structure of an ind-group. We will 
shortly recall the basic definitions in the following section 2. The classical example 
is Ant (A"), the group of automorphism of affine n-space A" = k". 

The first main result shows that A" is determined by its automorphism group. 

Theorem 1.1. Let X be a connected affine variety. If Ant (A) ~ Aut(A") as 
ind-groups, then X cp A" as varieties. 

It is clear that X has to be connected, since the automorphism group does not 
change if we form the disjoint union of A" with a variety Y with trivial automor¬ 
phism group. 

Another important question is which groups appear as automorphism groups of 
affine varieties. For finite groups we have the following result. 

Theorem 1.2. For every finite group G there is a smooth affine curve C such that 
Aut(C') ~ G. 

Moreover, there exist surfaces with infinite discrete automorphism groups (see 
[FK14, Proposition 7.5.2]). As for algebraic groups, we will see that every torus 
appears as Aut(A) (Example 6.4), but there are no examples where Aut(A) ~ 
SL 2 (k). In fact, this is not possible as the next result shows. 
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Theorem 1.3. Let X be a connected affine variety. //dimAut(X) < oo, then 
either A ~ or Aut(X)*^ is a torus. 

The last results concern the automorphism group Aut(A"’) of affine n-space. This 
group has a closed normal subgroup SAut(A”) consisting of those automorphism 

f = (/i,..., fn) whose Jacobian determinant jac(f) := det ( §^) is equal to 1: 
SAut(A") := ker(jac: Aut(A"') k*). 

One could expect that SAut(A”) is simple as an ind-group, because its Lie algebra 
is simple, and that SAut(A") is the only closed proper normal subgroup of Aut(A"). 
This is claimed in [Sha66, ShaSl], but the proofs turned out to be not correct (see 
[FK14, Section 10]). What we can prove here are the following results. 

Theorem 1.4. 

(1) Let ip: Aut(A") Q be a homomorphism of ind-groups. Then either ip 
factors through jac: Aut(A") k*, or ip is a closed immersion. This 
means that (^(Aut(A")) <Z Q is a closed ind-subgroup and ip: Aut(A”) ^ 
(/3(Aut(A")) is an isomorphism. 

(2) Every nontrivial homomorphism SAut(A”) Q of ind-groups is a closed 
immersion. 

Theorem 1.5. 

(1) Every injective homomorphism ip: Aut(A") —>■ Aut(A") is an isomorphism, 
and ip = Int g for a well-defined g € Aut(A"). 

(2) Every nontrivial homomorphism ip: SAut(A") —>■ SAut(A") is an isomor¬ 
phism, and ip = Intg for a well-defined g € Aut(A"'). 

Let us point out the following example from [FK14] showing that bijective ho- 
momorphisms of ind-groups are not necessarily isomorphisms. Denote by k(a;, y) 
the free associative k-algebra in two generators. Then Aut(k(a:, y)) is an ind-group, 
and we have a canonical homomorphism tt: Aut(k{a;,y)) —>■ Aut(k[a;, ?/]). 

Proposition 1.6 (Furter-Kraft [FK14]). The map tv: Aut(k(x, 2 /)) —>■ Aut(k[x, 2 /]) 
is a bijective homomorphism of ind-groups, but it is not an isomorphism, because 
it is not an isomorphism on the Lie algebras. 


2. Notation and preliminary results 

The notion of an ind-group goes back to Shafarevich who called these objects 
infinite dimensional groups, see [Sha66, ShaSl] ). We refer to [FK14] and [Kum02] 
for basic notation in this context and to [KZ14] and [KR15] for some important 
results. 

Definition 2.1. An ind-variety V is a set together with an ascending filtration 
Vo ^ Vi C V 2 ^ • C V such that the following holds: 

(1) V = UeNVfe; 

(2) Each Vfe has the structure of an algebraic variety; 

(3) For all fe G N the subset Vfe C Vfc+i is closed in the Zariski-topology. 
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A morphism between ind-varieties V = (J^. Vk and W = Wm is a map : V —>■ 
W such that for every k there is an m such that ip{Vk) C Wm and that the induced 
map Vfc Wm is a morphism of varieties. Isomorphisms of ind-varieties are defined 
in the usual way. 

Two filtrations V = UfegN ~ UfceN called equivalent if for any 

k there is an m such that Vk C is a closed subvariety as well as C Vm- 
Equivalently, the identity map id: V = UfceN Vfc V = UfceN Vfc is an isomorphism 
of ind-varieties. 

An ind-variety V has a natural topology where S' C V is open, resp. closed, if 
Sfc := S n Vfc C Vfc is open, resp. closed, for all k. Obviously, a locally closed subset 
S C V has a natural structure of an ind-variety. It is called an ind-subvariety. An 
ind-variety V is called affine if all Vfc are affine. A subset A C V is called algebraic 
if it is locally closed and contained in some Vfc. Such an X has a natural structure 
of an algebraic variety. 

Example 2.2. Any k-vector space V of countable dimension carries the structure 
of an (affine) ind-variety by choosing an increasing sequence of finite dimensional 
subspaces 14 such that V = Ufc Vfc. Clearly, all these filtrations are equivalent. 

If i? is a commutative k-algebra of countable dimension, a C i? a subspace, e.g. 
an ideal, and S C lk[a;i,..., Xn] a set of polynomials, then the subset 

{(ai,...,a„) e A" I /(ai,...,a„) e a for all / € S'} C i?” 
is a closed ind-subvariety of i?". 

For any ind-variety V = UfceN Vfc we can define the tangent space in x € V in 
the obvious way. We have x € Vk for k > kg, and ffiVk ^ ffiVk-i-i foi' ^ ^ and 
then define 

ffiV := lim ffiVk 

k>ko 

which is a vector space of countable dimension. A morphism V —>■ W induces 
linear maps dip^ '■ TW —>• T^(x)W for every x € X. Clearly, for a k-vector space V 
of countable dimension and a for any v G V we have TyV = V in a canonical way. 

The product of two ind-varieties is defined in the obvious way. This allows to 
define an ind-group as an ind-variety Q with a group structure such that multipli¬ 
cation G xG ^ G ■ {g,h) ^ g'h, and inverse G ^ G '■ g 9~^ ^ Eire both morphisms. 
It is clear that a closed subgroup G of an ind-group G is an algebraic group if and 
only if G is an algebraic subset of G- 

If G is an affine ind-group, then Tf^G has a natural structure of a Lie algebra which 
will be denoted by LieG- The structure is obtained by showing that every A € T^G 
defines a unique left-invariant vector field Sa on G, see [Kum02, Proposition 4.2.2, 
p. 114]. 

Remark 2.3. It is known that for n > 2 the Lie algebra LieSAut(A"') is simple and 
that Lie SAnt (A”) C LieAut(A"') is the only proper ideal, see [ShaSl, Lemma 3]. 
Moreover, both Lie algebras are generated by the subalgebras Lie G where G is an 
algebraic subgroup. 

Definition 2.4. An ind-group G = Ufc Sk is called discrete if Gk is finite for all k. 
Clearly, G is discrete if and only if Lie G is trivial. 

An ind-group G is called connected if for every g G G there is an irreducible curve 
D and a morphism D ^ G whose image contains e and g. 
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The next result follows from [FK14, Theorem 3.1.1] and [KZ14, Theorem 4.3.2]. 
Here Yec{X) denotes the Lie algebra of (algebraic) vector fields on X, i.e. Vec(X) = 
Der(0(X)), the Lie algebra of derivations of 0{X). 

Proposition 2.5. Let X be an affine variety. Then Aut(X) has a natural structure 
of an affine ind-group, and there is a canonical embedding ^: Lie Aut(X) ^ Vec(X) 
of Lie algebras. 

Remark 2.6. In case X = A" the embedding ^ identifies Lie Aut(A")) with Vec‘^(A”), 
the vector fields i5 = with constant divergence divi5 = S k, see 

[FK14, Proposition 3.5.1]. 

Another result which we will need is proved in [KZ14, Proposition 6.5.2]. 

Proposition 2.7. Let G ^ % be two homomorphisms of ind-groups. Assume 
that G is connected and that dipe = dips : LieG —^ LieTt. Then ip = ip. 

A final result which we will use is the following (see [KRZ14, Lemma 6.1]). Denote 
by Aff„ C Aut(A") the subgroup of affine transformations, i.e. Aff„ = GL„(k) k 
( k"')+. Similarly, the subgroup SAff„ C Aff„ consists of the transformations with 
determinant 1, i.e. SAff„ = SL„(k) k (k")+. 

Proposition 2.8. Let X be an affine variety with a faithful action o/SAfF„. If 
dim A < n, then X is SASn-'isomorphic to A". 

Remark 2.9. It is shown in [KRZ14, Lemma 6.1] that the same holds if we replace 
SAff„ by Aff„. Using Theorem 1.5 we see that we can replace SAff„ by Aut(A") 
or SAut(A”) as well. 


3. The adjoint representation 

If L is a finitely generated Lie algebra, then AutLie(A) has a natural structure of 
an ind-group defined in the following way (see [FK14]). Choose a finite-dimensional 
subspace Lq Q L which generates L as a Lie algebra. Then the restriction map 
EndLie(A) —>■ Hom(Aoi L) is injective and the image is a closed affine ind-subvariety. 
(To see this write L as the quotient of the free Lie algebra F{Lq) over Lq modulo 
an ideal I.) Choosing a filtration L ~ Ufe>o finite-dimensional subspaces, we 

set EndLie(A)fc := {a G EndLie(A) j a{LQ) C L^} which is a closed subvariety of 
B.om{Lo, Lk) (see Example 2.2). Then we define the ind-structure on AutLie(L) by 
identifying AutLie(L) with the closed subset 

{(a, P) e EndLie(L) x EndLie(A) \ ao p = p o a = idi} C EndLie(L) x EndLie(A), 

i.e. 

AutLie(L)fe := {a G AutLie(L) j a,a~^ G EndLie(L)fe}- 
It follows that AutLie(L) is an affine ind-group with the usual functorial properties. 

Lemma 3.1. Let p: G ^ AutLie(L) be an abstract homomorphism where L is 
a finitely generated Lie algebra. Then p is a homomorphism of ind-groups if and 
only if p is an ind-representation, i.e. the map p: G x L ^ L is a morphism of 
ind-varieties. 
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Proof. Assume that L is generated by the finite dimensional subspace Lq C L. li 
Q = IJ^- Qj and ifpi^xL—>Lisa morphism, then, for any j, there \s & k = k{j) 
such that p{Qj x Lq) C Lk and p{Qj^ x Lq) C L^. Hence, p{Qj) C AutLie(-b)fc, and 
the map Qj —>■ Hom(Lo) Lk) is clearly a morphism. 

Now assume that Q —> AutLie(^) is a homomorphism of ind-groups. Then, for 
any j, there is a fc = k{j) such that p{Qj) C AutLie(-b)fc ^ Hom(Lo,ifc)- Hence, 
p(Qj X Lq) C Lk, and Qj x Lq ^ Lk is a morphism. □ 

The adjoint representation Ad; Q —> AutLie(Lie^) of an ind-group Q is defined 
in the usual way: Ad 5 := {dlx\tg)f,: Lie^ —> Lie^ where Int^ is the inner auto¬ 
morphism h I—> ghg~^. 

Proposition 3.2. For any ind-group Q the canonical map Ad: Q —>■ AutLie(Lie^) 
is a homomorphism of ind-groups. 

Proof. Let 'y. Q x Q Q denote the morphism {g, h) 1 —> ghg~^. For any g G Q, the 
map 'jg: Q ^ Q, h ghg~^, is an isomorphism of ind-groups, and its differential 
Ad(( 7 ) = {d^g)e: Lie^ —Lie^ is an isomorphism of Lie algebras. U Q = [JkGk, 
then for any p,q gN there is an m G N such that 'y. QpXQp ^ Qm- Clearly, Ad g for 
g GQp\s then given by (d 7 g)e: TeQq ->■ TeQm, and the map Qk Hom(re0g,^m) 
is a morphism, by the following lemma. Now the claim follows from Lemma 3.1. □ 

Lemma 3.3. Let X xY Z be a morphism of affine varieties and set ^x{y) '■= 
$(x, 2 /). Assume that there exist pq G Y and zq G Z such that $x(yo) = fof <Al 
X G X. Then the induced map X —>■ Hom(rggF, x 1 —> dy,^^x, is a morphism. 

Proof. We can assume that Y, Z are vector spaces, Y = W and Z = V. Choose 
bases (wi,..., Wm) and {vi,... ,Vn). Then d) is given by an element of the form 

n 

EE f^J O hij (g) Vi, where G 0{X) and % G 0(Y) = k[?/i,..., y^], 

i=l j 

and so the differential {d^x)yo ■ W ^ V is given by the matrix 

\ ^ / (i,fc) 

whose entries are regular functions on x. The claim follows. □ 

Remark 3.4. In [KR15] we show that the canonical homomorphisms 
Ad: Aut(A") AutLie(Lie Aut(A")) and Ad: Aut(A") —^ AutLie(LieSAut(A")) 
are both bijective. This can be improved. 

Proposition 3.5. 

( 1 ) The adjoint representation Ad: Aut(A”) —>■ AutLie(Lie Aut(A”)) is an iso¬ 
morphism of ind-groups. 

(2) The induced map p: AutLie(LieAut(A")) —>• AutLie(LieSAut(A"')) is an 
isomorphism of ind-groups. 

Proof. We will use here the identification of LieAut(A"') with Vec'^(A”), see Re¬ 
mark 2.6. Put dx ■= S-- 

OXi 
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(1) Let f = (/i, ■■■,/«) G Aut(A”) and set 6 := Ad(f € AutLie(Vec'^(A")). 
Then the matrix {d{dx^)x^ is invertible, and 


see [KR15, Remark 4.2]. We now claim that the map 


j) 






>Xj) : AutLie(Vec‘'(A")) ^ M„(k[a:i,... ,x„]) 
' (i.fe) 


is a well-defined morphism of ind-varieties. In fact, 9 i—>■ 9{dx^)xj is the composition 
of the orbit map 9 9{dx^ )- AutLie(Vec'^(A"’)) —^ Vec'^(A") and the evaluation 

map S !->■ S{xj): Vec^(A^) —S’ k[a;i,..., a;„], hence 9 is- O := [9{dxk)xj) is a 

morphism. Since jac(0) G k* the claim follows. 

Now recall that the gradient k[a;i,..., Xn] k[a;i,..., Xn]^, f i-t i-§^, ■ ■ ■, 
defines an isomorphism 

cfh ■ fih ■ 

7 : k[a;i,.. .,Xn]>i ^ r := {{hi,... ,hn) \ ^ for all i < j}. 

It follows from (*) that the rows of the matrix {hij)(^ij) := {9{dx^)xj\ belong 
to r, so that we get a morphism 


■0: AutLie(Vec‘'(A")) k[a;i,.. . ,x„]", 6» i-A (/i,...,/„), 
where fi := ^~^{hii ,..., hm) G k[a;i,..., Xn]>i- By construction, we have 
(**) 0(6») = 0(Ad(f~^)) = fo := (/i - /i(0),... - /n(0)) = t_f(o) o f 

where is the translation v ^ v + a. Let S C AfF„ be the subgroup of translations, 
and set S := Ad(S'). Then S C AutLie(Vec‘^(A")) is a closed algebraic subgroup and 
Ad: S' 5 is an isomorphism. It follows from (>i:=i=) that Ad(0(0))-0 = Ad(t_f(o)) G 
S, and so 

0(6») := 'il){9)~'^ • (Ad |s)"^(Ad(V:( 6 »)) • 9) 

is a well-defined morphism ip : AutLie(Vec'^(A”)) —Aut(A"') with the property that 
Ad(0(6»)) = Ad(0(6»)-i) • Ad(0(6l)) - 9 = 9. 

Thus Ad: Aut(A"') — AutLie(LieAut(A”)) is an isomorphism, with inverse ip. 

(2) Clearly, the restriction p: AutLie(LieAut(A”)) —>• AutLie(LieSAut(A”)) is 
a homomorphism of ind-groups, and it is bijective (Remark 3.4). It follows from 
(1) that the composition po Ad: Aut(A") —)• AutLie(LieSAut(A")) is a bijective 
homomorphism of ind-groups. Now we use Theorem 1.4(1) to conclude that p o 
Ad is an isomorphism, hence p is an isomorphism, too. Note that in the proof of 
Theorem 1.4(1) below we will only use Proposition 3.5(1). □ 


Proof of Theorem 1 . 4 . (1) Let (p: Aut(A") —^ be an homomorphism of ind- 
groups such that dip is injective. We can assume that G = V5(Aut(A”)), and we 
will show that p is an isomorphism. The basic idea is to construct a homomor¬ 
phism Ip: G ^ Aut(A") such that = id. By Proposition 3.6 below this implies 
that :p is a closed immersion, hence an isomorphism. 

Denote by L C Lie G the image of dp. For any g G Aut(A"') we have dpoAd{g) = 
AA{p{g)) odp. In particular, L is stable under Ad(:p(p)), hence stable under Ad(t/), 
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because v3(Aut(A”)) is dense in Q. Thus we get the following commutative diagram 
of homomorphisms of ind-groups 

Aut(A”) —^ g 


Ad 


Aut(A^) — 


Autuie (Lie Aut (A"))) 


|Ads 

-A AutLie(L) 


where the first vertical map is an isomorphism by Proposition 3.5(1). Thus, the 
composition Adg o(p: Aut(A") —>■ AutLie(L) ~ Aut(A") is an isomorphism, and so 
ip is also an isomorphism, by Proposition 3.6 below. 

If dip is not injective, then dip D LieSAut(A") (Remark 2.3) and so dip = 
/odjac where / : k —>■ Liefy is a Lie algebra homomorphism. If k* C GL„(k) denotes 
the center, then : k* —Cy factor through ?": k* —k*, because SL„(k) C keri^, 
i.e. ip(z) = p(z") for any z G k* and a suitable homomorphism p: k* —> ^ of ind- 
groups. By construction, dpe = /: k — LieQ, and so the two homomorphisms ip 
and p o jac have the same differential. Thus, by Proposition 2.7, we get ip = p o jac, 
and we are done. 


(2) Let ip: SAut(A”) —^Qhea homomorphism of ind-groups. If dipe is not 
injective, then dipe is the trivial map (Remark 2.3), hence dipe = dtpe where (p: g M- 
e is the constant homomorphism. Again by Proposition 2.7 we get ip = ip. 

If dipe is injective, set L := d(pe(LieSAut) C Liefy. Again we can assume that 
g = (p(SAut(A")). Since L is stable under Ad(p(g) for all g G Aut(A") it is also 
stable under 5, and we get, as above, the following commutative diagram 

Aut (A") SAut(A’^) —^ g 




AdsAut(A^) 


c 


1 


Adg 


AutLie(Lie Aut(A"))) —AutLie(LieSAut(A"’))) —5—AutLie(L) 

bij ~ 


where AdAut(A") is an isomorphism and dt is a bijective homomorphism (see Propo¬ 
sition 3.5 and Remark 3.4). The image 21 C AutLie(Lie SAut(A”)) of SAut(A") is 
a closed subgroup isomorphic to SAut(A"), and 21 ^ 4>(2l) = Adg((p(SAut(A")). 
But (p(SAut(A")) C ^ is dense, and so Ade(fy) = $(21). Thus, the composition 
Adgo(p: SAut(A"') —>■ $(2l) is an isomorphism, and so ip is an isomorphism, by 
Proposition 3.6 below. □ 


Proposition 3.6. Let H^g be two ind-groups, and let ip: T-L ^ g, ip: g ^ T-L he 
two homomorphisms. If ip o p = id-jy, then p is a closed immersion, i.e. ppH) C g 
is a closed subgroup and p induces an isomorphism H —> piPH)- 

Proof. By base change we can assume that the base field k is uncountable. Let 
% = and g = |J^- fy^ where we can assume that Hi C g^ for all i. Moreover, 

for every i there is a A: = k(i) such that ip{gi) C Jii^. By assumption, the composition 
Ip o p: Hi ^ gi ^ Hk is the closed embedding Hi ^ Hk, hence the first map is 
a closed embedding. Thus Hi := p{Hi) is a closed subset of ty^ and H := p[H) = 

Hi. Now the claim follows from Lemma 3.7 below by setting S := kerip. □ 

Recall that a subset S' C 23 of an ind-variety 23 is called ind-constructible if 
S = Ui 'S'i where Si C Si+i are constructible subsets of 23. 
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Lemma 3.7. Let Q be an ind-group, H Q a subgroup and S Q Q an ind- 
constructible subset. Assume that k is uncountable and that 

(1) H = where Hi C C Q are closed algebraic subsets, 

(2) the multiplication map S x H ^ Q is bijective. 

Then H is a closed subgroup of Q. 

Proof. Let Q = IJ^. Gk- We have to show that for every k there exists an i = i{k) such 
that H r\Gk = HiCiGk- We can assume that e G 5 = IJ^ Then, by assumption, 
G = Uj SjHj. Since SjHj n C/fc is a constructible subset of Gk it follows that there 
exists a j = j{k) such that Gk Q SjHj ([FK14, Lemma 3.6.4]). Setting S := S'\ {e} 
we get SH n 77 = 0. Thus, Gk = {SiHi n Gk) U {Hi fl Gk) and H fl SiHi = 0, hence 

HnGk = H,nGk- □ 

Finally, we can prove Theorem 1.5. 

Proof of Theorem 1.5. (1) We already know from Theorem 1.4 that an injective 
homomorphism tp: Ant (A”) —>■ Aut(A”) is a closed immersion. We claim that 
dipe- LieAut(A") —>■ LieAut(A") is an isomorphism. To show this, consider the 
linear action of GL„(k) on LieAut(A"). We then have 

Lie Aut(A”) C Vec(A”) cs k” 0 k[a;i,..., x„] = k” ® k[a;i,..., Xn]d 

d 

and the latter is multiplicity-free as a GL„(k)-module as well as an SL„(k)-module. 

Now (/j(GL„(k)) C Aut(A”) is a closed subgroup isomorphic to GL„(k). More¬ 
over, dLpe'. LieAut(A"') LieAut(A”) is an injective linear map which is equi- 
variant with respect to (p: GL„(k) ^ (/j(GL„(k)). Since (/3(GL„(k)) is conju¬ 
gate to the standard GL„(k) C Aut(A") and since the representation of GL„(k) 
on LieAut(A"') is multiplicity-free, it follows that dpe is an isomorphism. Thus 
G := </?(Aut(A")) C Aut(A") is a closed subgroup with the same Lie algebra as 
Aut(A"), and we get the following commutative diagram (see proof of Theorem 1.4): 

Ant (A") 

AdAut(A") 

AutLie (Lie Ant (A"))) 

As a consequence, all maps are isomorphisms, and so G = Aut(A") and ip is an 
isomorphism. 

It remains to see that every automorphism p G Aut(A"') is inner. Since dp^ G 
AutLie(Lie Aut(A")) we get dpe = Ad(g) for some g G Aut(A”), by Remark 3.4. 
This means that dpe = (c?Intg)e and so p = Intg, by Proposition 2.7. 

(2) The same argument as above shows that every nontrivial homomorphism 
SAut(A”) SAut(A”) is an isomorphism where we use the fact that the action of 
SL„(k) on LieSAut(A") is multiplicity-free. 

Moreover, the homomorphism Ad: Aut(A") AutLie(LieSAut(A")) is a bijec¬ 
tive homomorphism of ind-groups (Remark 3.4). Hence, for every p G SAut(A") 
there is a g G Aut(A") such that dpe = Ad g which implies that p = Int g. □ 


|Ad, 

-A AutLie (Lief/) 


Aut(A") 


Ad 


Aut(A”') 


Autuie (Lie Aut (A")) 
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4. A SPECIAL SUBGROUP OF Aut(A) 

Our Theorem 1.1 will follow from a more general result which we will describe 
now. For any affine variety X consider the normal subgroup U{X) of Aut(A) gener¬ 
ated by the unipotent elements, or, equivalently, by the closed subgroups isomorphic 
to lk“*". This is an instance of a so-called algebraically generated subgroup of an ind- 
group, see [KZ14]. The group h({X) was introduced and studied in [AFK13] where 
the authors called it the group of special automorphisms of X. In particular, they 
proved a very interesting connection between transitivity properties of U{X) and 
the flexibility of X. 

Let us define the following notion of an “algebraic” homomorphism between 
these groups. 


Definition 4.1. A homomorphism ip: IA{X) —>■ U{Y) is algebraic, if for any closed 
subgroup U C U{X) isomorphic to the image p{U) C U{Y) is closed and 
pj/y: U viU) is a homomorphism of algebraic groups. We say that U{X) and 
U{Y) are algebraically isomorphic, U{X) ~ IA{Y), if there exists a bijective homo¬ 
morphism p-. U{X) U(Y) such that p and p~^ are both algebraic. 


Lemma 4.2. Let p: U{X) —^ U{Y) he an algebraic homomorphism. Then, for any 
algebraic subgroup G C U{X) generated by unipotent elements the image p{G) C 
U{Y) is closed and p\g'- G —> is a homomorphism of algebraic groups. 


Proof. There exist closed subgroups Ui,..., Um C G isomorphic to such that 
the multiplication map p: Ui x U 2 ^ Um —>■ G is surjective. This gives the 
following commutative diagram 

UixU2X---xUm —^ G 


‘P-=‘PIUi X---X‘PlUm 


V\g 


p{Ui) X p{U2) X • • • X p(Um) - ^ <p(G) 


where all maps are surjective. It follows that p{G) C Aut(F) is a (closed) algebraic 
subgroup, and thus p{G) = p{G), because p{G) is constructible. It remains to show 
that p\g is a morphism. This follows from the next lemma, because G is normal, 
and p and the composition p\g o p = p o p are both morphisms. □ 


Lemma 4.3. Let X, Y, Z be irreducible affine varieties where Y is normal. Let 
p: X ^ Y be a surjective morphism and p: Y —>■ Z an arbitrary map. Lf the 
composition p o p is a morphism, then p is a morphism. 


Proof. We have the following commutative diagram of maps 

T ipofj, ^ X X Z 

[uxid 

F^ ■ - - > Y X Z 

Y = Y 

where F,^o/i and denote the graphs of the corresponding maps. We have to show 
that T,p C-YxZ \s closed and that p is an isomorphism. The diagram shows that p is 












10 


HANSPETER KRAFT 


surjective, hence is constructible, and p is bijective. Thus, the induced morphism 
p: —>■ y is birational and surjective, hence an isomorphism since Y is normal 
(see [Igu73, Lemma 4, page 379]). Since p is bijective, we finally get = T^. □ 

The proof of the following theorem will be given in the next section. 

Theorem 4.4. Let X be a connected affine variety. IflA{X) is algebraically iso¬ 
morphic to U{hY), then X is isomorphic to A". 

A first consequence is our Theorem 1.1. 

Corollary 4.5. Let X be a connected affine variety. If Aut(X) ~ Aut(A”) as 
ind-groups, then X ~ A”. 

Proof. It is clear from the definition that an isomorphism Aut(Ar) ^ Aut(A") 
induces an algebraic isomorphism U[X) ^ U{hP). □ 

Finally, we define the following closed subgroups of Aut(Ar): 

Aut“^®(Ar) := (G I G C Aut(Ar) connected algebraic), 

SAut“*®(X) := (G I f/ C Aut(X) unipotent algebraic). 

We have SAut“^®(X) = U{X) C Aut“*®(X) C Aut(X). Now the same argument as 
above gives the next result. 

Corollary 4.6. Let X be a connected affine variety. //SAut“^®(X) is isomorphic 
to SAut“^®(A") as ind-groups, then X is isomorphic to A", and the same holds if 
we replace SAut“*® by Aut“*®. 

5. Root subgroups and modifications 

Let Q be an ind-group, and let T C ^ be a torus. 

Definition 5.1. A closed subgroup U C Q isomorphic to k+ and normalized by 
T is called a root subgroup with respect to T. The character of T on Lie G ~ k is 
called the weight of U. 

Let X be an affine variety and consider a nontrivial action of k"^ on X, given 
by A: k+ —>■ Aut(A'). If / S 0{X) is k+-invariant, then we define the modification 
/• A of A in the following way (see [FK14, section 8.3]): 

(/ • A)(s)a; := \{f{x)s)x for s G k and x G X. 

It is easy to see that this is again a k+-action. In fact, if the corresponding lo¬ 
cally nilpotent vector field is S\, the f6\ is again locally nilpotent, because / is 
A-invariant, and defines the modified k+-action / • A. This modified action / • A is 
trivial if and only if / vanishes on every irreducible component Xi of X where the 
action A is nontrivial. It is clear that the orbits of / • A are contained in the orbits 
of A and that they are equal on the open subset Xf C X. In particular, if X is 
irreducible and / 7 ^ 0, then A and / • A have the same invariants. 

If G C Aut(X) is isomorphic to k+ and if / G 0{Xffi is a G-invariant, then 
we define in a similar way the modification f ■ U of G. Choose an isomorphism 
A: k+ ^ G and set / • G := (/ • A)(k+), the image of the modified action. Note 
that Lie(/ • G) = /LieG C LieAut(X) C Vec(X) where we use the fact that 
Vec(X) is a G(X)-module. 
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If a torus T acts linearly and rationally on a vector space V of countable dimen¬ 
sion, then we call V multiplicity free if the weight spaces Va are all of dimension 
< 1. The following lemma is crucial. 

Lemma 5.2. Let X be an irreducible affine variety, and letT C Aut(X) be a torus. 
Assume that there exists a root subgroup U C Aut(X) with respect to T such that 
0{X)'^ is multiplicity-free. Then dimT < dimA < dimT -|- 1. 

Proof. The first inequality dimT < dim A is clear, because T acts faithfully on 
A. It follows from [KD14]) that there exists a T-semi-invariant / G 0{X)^ such 
that 0{X)^ is finitely generated. Clearly, 0{X)^ is T-stable and multiplicity-free. 
The algebra 0{X)^ = 0{Xf)^ is the coordinate ring of the algebraic quotient 
Z := XfffU on which T acts. It follows from [Kra84, II.3.4 Satz 5]) that T has a 
dense orbit in Z, and so dimZ < dimT. Since dhnZ = dimXf//U = dimAj — 1 = 
dim A — 1, we get the second inequality. □ 

Lemma 5.3. We have U{A'^) C SAut(A"'), and its closure W(A”) is connected. 
Moreover, LieZ/f(A”) = LieSAut(A"), hence it is a simple Lie algebra. 

Proof. The first statement is obvious, since every unipotent algebraic group is 

-O 

contained in SAut(A"). The second claim follows from W(A") C W(A") (see 
Lemma 6.3 in the next section). For the last statement we remark that Lie SAut(A”) 
is generated by the Lie algebras of the algebraic subgroups (Remark 2.3). □ 

The group W(A") contains the normal subgroup generated by all tame elements. 
But we do not know if U{hP) = SAut(A") or at least U{hP) = SAut(A"), except 
for n = 2 where this is well-known. 

Denote by T„ C GL„(k) C Aut(A”) the diagonal torus and set Tf := T„ fl 
SL„(k)„. The next result can be found in [Liell, Theorem I]. 

Lemma 5.4. Root subgroups o/Aut(A") with respect to Tf exist, and they have 
different weights. 

Proof of Theorem f.f. Note that SL„(k) and SAff„(k) both belong to iY(A”) as 
well as all root subgroups U. Fix an algebraic isomorphism ip: U{A'^) ^ U{X) 
and denote by T' the image of Tf. 

(a) Assume first that A is irreducible. By Lemma 5.4, there exists a root subgroup 
U C U{X) with respect to T', and all root subgroups have different weights. In 
particular, the root subgroups from 0[X)^-U C U[X) have different weights which 
implies that 0{X)^ is multiplicity-free, because the map 0{X)^ —>■ 0{X)^ ■ U is 
injective. Hence, by Lemma 5.2, dim A < dimT' -|- 1 = n, and the claim follows 
from Proposition 2.8. 

(b) Let A = Uj Ai be the decomposition into irreducible components. Since 
U{X) is connected by Lemma 5.3 it follows that the components Xi are stable under 
U{X). Moreover, at least one of the restriction morphisms pi : U[X) U{Xi), say 
pi, is injective on the image (p(SAff„) C U.{X), because every nontrivial normal 
closed subgroup of SAff„ contains the translations. Let Ti := pi(T') C lA{Xi) be 
the image of T'. Choose a root subgroup Lf C U{X) in the image (p(SL„(k)), and 
denote by Ui := pi{U) its image mlA{Xi). Then {7 is a maximal unipotent subgroup 
of a closed subgroup oilA{X) isomorphic to SL 2 (k) which implies that the restriction 
morphism p \: 0{X)^ —> 0{Xi)^^ is surjective. Since the root subgroups oiU{X) 
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have all different weights this also holds for the root subgroups in ■ Ui. 

Hence the Ti-action on is multiplicity-free and so dimXi < n. Thus 

Xi ~ A”, by Proposition 2.8, which implies that X = Xi A", because X is 
connected. □ 


6. Finite dimensional automorphism groups 

It is well-known that for a smooth affine curve C the automorphism group Aut(C') 
is finite except for C ~ k, k*. We will see in the next section that every finite group 
appears as automorphism group of a smooth affine curve. There also exist examples 
of smooth affine surfaces with a discrete non-hnite automorphism group, see [FK14, 
Proposition 7.2.5]. Recall that an ind-group ^ = |J^ is called discrete if Qk is 
finite for all k, or equivalently, if Lie^ = {0}. 

Definition 6.1. An ind-group Q = \^j^Qk is called finite dimensional, dimf? < oo, 
if dimQk is bounded above. In this case we put dimt? := max^ dimQk- 

Definition 6.2. Let Q = dimQk be an ind-group. Define 

:=U^fc 

k 

where Q’f. denotes the connected component of Qk which contains e € Q. 

Recall that an ind-group is called connected if for every g & Q there is an ir¬ 
reducible curve D and a morphism D ^ Q whose image contains e and g. This 
implies that for every k there is a, k' > k and an irreducible component C C Qj^i 
which contains Qk (cf. [FK14, Lemma 8.1.2]). 

Lemma 6.3. Let Q = ]J^ Qk be an ind-group. 

(1) Q° f- Q is a connected closed normal subgroup of countable index. In par¬ 
ticular, Lie Q = Lie Q°. 

(2) We have dimfy < oo if and only if Q° C Q is an algebraic group. 

(3) We have dimC/ < oo if and only f/dim Lief/ < oo. 

Proof. (1) For g £ Q and any k the subset gQkg~^ is closed, connected, contains e, 
and is contained in some Qk'. Hence gQf, g~^ C Qf,, C Q° which shows that Q° is 
normal. If Q° meets a connected component C of some Qk, then there is a k' > k 
such that C/^, n C 7 ^ 0, hence C £ Q^,. Thus Q° P\Qk = Qk" D Qk for large k" > k 
and so Q° is closed. 

To see that Q° is connected it suffices to show the following. If Co, Ci C Qf, are 
irreducible components with Co H Ci 7 ^ 0 , then there is a k' >k and an irreducible 
component C of Qf., which contains Co U Ci. For this, we choose an h £ Co H Ci 
and define the morphism fi: Cq x Ci ^ Q by ( 30 , 31 ) 3o^~^3i- Then the image 

y of 3 contains Cq and Ci, and the closure Y is irreducible. Hence, Y is contained 
in an irreducible component C of Qk', and C ^Qf.,, because Co, Ci £ Qf. £ Qf.,. 

For the last claim we choose elements gi,... ,gm £ Qk, one from each connected 
component. Then Qk £ giQ°£g 2 Q°£- ■ •£gmQ° which implies that Q/Q° is countable. 

(2) Assume that dimf/ < 00 . Then there is a fco such that dimf/^ = dimf/^^ for 
all k > ko. Since Q^ is contained in an irreducible component C of Q^, for some 
k' > k, it follows that Q^ = C in case k > ko. Thus IJ^, Qf, = Qf,^, and this is a closed 
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irreducible algebraic subset, hence an algebraic group. The reverse implication is 
clear. 

(3) If dim^ < oo, then Q° is an algebraic group, by (2). Since hieQ = ljieQ° by 
(1) we see that LieQ is finite dimensional. If dim Lief? < oo, then dimTgQ < oo, 
because TgQ^. o; Teg~^Qk C LieQ. Thus AimQk is bounded by dim Lie □ 

Example 6.4. (1) We have Aut(lk*) ~ Z/2 k k*, hence Aut(k*)° ~ k*. Simi¬ 

larly, Aut(k*") ~ GL„(Z) K k*", and so Aut(k*’")° ~ k*". 

(2) Let C be a smooth curve with trivial automorphism group, and consider 
the one dimensional variety Yc = U C where the two irreducible com¬ 
ponents meet in {0} S A^. Then Aut(yc') — k*- Moreover, the disjoint 
union U U • ■ • U Yq.^ with pairwise non-isomorphic curves Ci has 
automorphism group k*'”. We do not know if there is an irreducible variety 
whose automorphism group is a given torus. 

The proof of Theorem 1.3 follows immediately from the next result. 

Proposition 6.5. Let X he a connected ajfine variety. If X admits a nontrivial 
action of the additive group k"*", then either X ~ A^ or dim Ant (Al) = oo. 

Proof. If X contains a one-dimensional irreducible component Xi with a nontrivial 
action of k+, then Xi is an orbit under k+, hence X = W — A^. Otherwise, k+ 
acts non-trivially on an irreducible component Xj of dimension > 2. Denote by 
U C Aut(Ar) the image of k+. We claim that the unipotent subgroup 0{X)^ -U C 
Aut(Al) is infinite dimensional. This follows if we show that the image of 0(X)^ 
in 0{Xj) is infinite dimensional. For that we first remark that there is a nonzero 
D-invariant / which vanishes on all Xj liXk for k ^ j, because the vanishing ideal 
is D-stable. This implies that Xf C Xj, and so 

0{X)^ = OiXff = 0{X,ff = {0{Xf\xi)f. 

Thus the image 0{X)^\xj C 0{Xj) is infinite dimensional. □ 


7. Automorphism groups of curves 

In this last section we prove Theorem 1.2 which claims that every finite group 
appear as the automorphism group of a smooth affine curve. 

Lemma 7.1. Let C be a smooth ajfine curve which is neither rational nor elliptic, 
and let G C Aut(C) he a subgroup. Then there is an open subset C' C C such that 
Aut(C') = G. 

Proof. The curve C is contained as an open set in a smooth projective curve C. 
Since every automorphism G extends to C we have G C Aut(C'). By assumption C 
has genus > 1 and so Aut(C) is finite. It follows that there is a point c G G with 
trivial stabilizer in Aut(C'). Removing the G-orbit G ■ c we get Aut(G \ G ■ c) = G. 
In fact, G C Aut(G \ G • c), and we have equality, because every automorphism of 
C\G ■ c extends to G. □ 

The lemma shows that we can prove Theorem 1.2 by constructing, for every 
large n, a smooth affine curve Cn such that the symmetric group Sn appears as a 
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subgroup of Aut(C'n). The following construction was suggested by Jean-Philippe 
Furter. We start with the standard action of Sn on k" and consider the morphism 

ip := (si, S 2 ,..., s„_i); k” k”"^ 

where sj G k[xi,..., Xn]^"' is the jth elementary symmetric function. The sequence 
si, S2, ..., Sn is a homogeneous system of parameters, and so the fibers of the mor¬ 
phism (f are complete intersections of dimension 1 which are stable under the 
action of iS„. Note that for the hyperplane H := V{xn) the induced morphism 
Ph ■= p\h' H —>■ k”“^ is the quotient morphism under the action of iSn-i- 

Proposition 7.2. The general fiber of p is irreducible, i.e. there is a dense open 
set U C k"“^ such that p~^{u) is an irreducible curve for all u G U. 


Proof. We will give the proof for n > 5 which is sufficient for our application. 
By [Gro66, Proposition 9.7.8] we have to show that the generic fiber is geomet¬ 
rically irreducible, or equivalently that k(si,..., s„_i) is algebraically closed in 
k(a;i,..., Xn)- Consider the integral closure A of k[si,..., Sn-i] in k[xi,..., Xn], 
and denote hy r]:Y -G k”“^ the corresponding finite morphism. Clearly, we have 

a factorization </?: k" F A k"”^. Moreover, A is stable under the action of Sn, 
A^'^ = k[si,... ,s„_i], and thus r] is the quotient under the action of Sn on Y. 
Restricting (p to H we get a similar factorization pn: H Y ^ k"“^ with a finite 
sS„_i-equivariant morphism pn- 



It follows that = k[si,..., = A'^" which implies that the action of 

on Y cannot be faithful. Assuming n > 5 we deduce that the alternating group 
acts trivially on Y. 

If Sn acts trivially, then Y A- k”“^ and we are done. Otherwise, Y = k"“^/Mn_i 
and we get a decomposition A = k[si,..., Sn-i] © k[si,..., s„_i]/ where f is a 
iS„_i-semi-invariant and G k[si,..., Sn-ij- 

But A is stable under Sn, and so / is also an iS„-semi-invariant, i.e. / = d-h where 
d = Y\i^j{xi — Xj) and h G k[a;i,..., Clearly, / vanishes on the hyperplanes 

ffij := V(xi — Xj). On the other hand, we claim that the images p{Hij) are dense 
in k"“^. Hence /^ = 0 on k"“^, and so / = 0, a contradiction. 

In order to prove the claim we remark that k[si,..., s„_i] = k[pi,... ,p„_i] 
where pj := x\ + ■ ■ ■ + x^. Using these functions to define (/j: k” —k”“^ we see 
that the Jacobian matrix is given by 


1 1 1 


3ac{p) = 


Xi 

xl 


x\ 


X 

X 



„n—2 


„n—2 


rj.rL-2 
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Every (n — 1) x (n — l)-minor is a Vandermonde determinant, and so Jac(<^) has 
rank n — 1 in all points a = (ai,..., an) where at most two coordinates are equal. 
Hence Jac(c/9) has maximal rank on a dense open set of every hyperplane Hij^ and 
so is dominant. □ 

Proof of Theorem 1.2. We can embed every finite group G into some Sn where we 
can assume that n > 5. By Proposition 7.2 the general fiber of (p: Ik^ ^ is an 
irreducible curve C with a faithful action of Sn- This action lifts to a faithful action 
on the normalization C. Since n > 5, C is neither rational nor elliptic, hence the 
claim follows from Lemma 7.1. □ 
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